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Abstract
We propose an effective conformal field theory (CFT) description of steady state incompressible
fluid turbulence at the inertial range of scales in any number of spatial dimensions. We derive a
KPZ-type equation for the anomalous scaling of the longitudinal velocity structure functions and
relate the intermittency parameter to the boundary Euler (A-type) conformal anomaly coefficient.
The proposed theory consists of a mean field CFT that exhibits Kolmogorov linear scaling (K41
theory) coupled to a dilaton. The dilaton is a Nambu-Goldstone gapless mode that arises from
a spontaneous breaking due to the energy flux of the separate scale and time symmetries of the
inviscid Navier-Stokes equations to a K41 scaling with a dynamical exponent z = 23 . The dilaton
acts as a random measure that dresses the K41 theory and introduces intermittency. We discuss
the two, three and large number of space dimensions cases and how entanglement entropy can be
used to characterize the intermittency strength.
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I. INTRODUCTION
Fully developed incompressible fluid turbulence is largely considered as the most impor-
tant unsolved problem of classical physics. One defines the inertial range to be the range of
length scales l ≪ r ≪ L, where the scales l and L are determined by the viscosity and forc-
ing, respectively. Experimental and numerical data suggest that turbulence at the inertial
range of scales reaches a steady state that exhibits statistical homogeneity and isotropy and
is characterized by universal scaling exponents that depend only on the number of space
dimensions d.
In [1] we proposed an exact formula for the inertial range anomalous scalings ξn of the
longitudinal structure functions Sn :
Sn(r) = 〈(δv(r))n〉 ∼ rξn , (1)
where
ξn − n
3
= G2(d)ξn(1− ξn) , (2)
and G(d) is a numerical real parameter that depends on the number of space dimensions
d ≥ 2. It quantifies intermittency and the deviation from Kolomogorov linear scaling ξn = n3
[2]. δv(r) is the longitudinal velocity difference between points separated by a fixed distance
r = |~r|, δv(r) = (~v(~r, t)− ~v(0, t)) · ~r
r
. By 〈〉 we mean both integration over space (normalized
by the volume of space) and over the probability distribution function of a random force F ,
with vi = vi(F ). Note, that the dimensions ξn in (2) are in units of length.
At leading order in the intermittency parameter G, (2) coincides with the Kolmogorov-
Obukhov model [3, 4] :
ξn − n
3
= G2n
3
(
1− n
3
)
. (3)
They differ at high intermittency and (2) may be viewed as a completion of the Kolmogorov-
Obukhov formula to the strong intermittency regime. Unlike (3) which implies physically
inconsistent supersonic velocities at large n and a violation of the convexity inequality, its
completion (2) is analytically and physically consistent [1]. Formula (2) predicts a generic
behaviour at finite d (finite intermittency) and large n: ξn ∼
√
n.
Formula (2) is consistent with the available numerical and experimental data [1] , however,
it is a conjecture for which we still lack an analytical derivation. It is KPZ (Knizhnik-
Polyakov-Zamolodchikov)-type relation [5, 6] that arises when coupling a dynamical system
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to a random geometry [7]. The inspiration for the proposal was the relation between fluids
and geometry, and hence between the statistics of fluid flows and the statistics of geometries
(for a brief review see [8]). By coupling to a random geometry one means changing the
Euclidean measure dµ on Rd to a random measure
dµγ(x) = e
γφ(x)− γ
2
2 dµ , (4)
where the Gaussian random field φ(x) has covariance φ(x)φ(y) ∼ − log |x−y| when l ≪ |x−
y| ≪ L is in the inertial range. The intermittency parameter G is related to γ. Intermittent
features appear at short length scales, and this is when the effects of the random field φ are
prominent.
The goal of this work is to propose an effective field theory framework of steady state
incompressible fluid turbulence at the inertial range of scales, and derive (2). We will consider
the energy cascade and work in the infinite Reynolds number limit. The basic questions that
arise are what is the definition of the random field φ(x) in the turbulent fluid field theory,
what is the field theory meaning of G(d) and how can we calculate it. We propose to identify
the scalar field φ as a dilaton, the Nambu-Goldstone (NG) gapless mode that arises from
a spontaneous breaking due to the energy flux of the separate scale and time symmetries
of the inviscid Navier-Stokes (NS) equations to a K41 scaling with a dynamical exponent
z = 2
3
.
We define the effective field theory on a d-dimensional closed ball in Euclidean space Rd
with radius L, Bd(L), whose boundary is the (d − 1)-sphere Sd−1 of radius L. L is the
forcing IR scale when d > 2 1. The proposed effective field theory framework for the steady
state dynamics of the turbulent fluid is conformally invariant. It consists of a mean field
CFT that exhibits Kolmogorov linear scaling (K41 theory) coupled to the dilaton. The odd
n structure functions Sn (1) are non-vanishing in K41 theory hence it is not Gaussian. It
is also non-local. The dilaton acts as a random measure that dresses the K41 theory and
introduces intermittency that leads to (2). This is reminiscent of two-dimensional quantum
gravity [5, 6], where matter (our K41 fields) is coupled to a Liouville field (our dilaton) .
Here, however, both the K41 fields and the dilaton are made of the same hydrodynamic
variables, the fluid velocity vector vi and the fluid pressure p. We express the intermittency
1 The two-dimensional case is special since the energy cascade is inverse: the forcing scale is l and the
dissipation scale is L.
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parameter G(d) in terms of the boundary Euler A-type conformal anomaly coefficient of the
turbulent field theory and the number of space dimensions. We consider both odd and even
number of space dimensions.
The paper is organized as follows. In section 2 we analyze the spontaneous symmetry
breaking of the separate space and time scale symmetries of the inviscid NS equations due
to the energy flux. The breaking leads to the K41 scaling theory with a dynamical exponent
z = 2
3
and a gapless NG dilaton mode. We construct the dilaton effective action which is
scale invariant in the inertial range, and calculate the dimensions of scaling operators. In
section 3 we propose the turbulent field theory and derive the KPZ scaling. We express the
intermittency parameter as a function of the Euler boundary conformal anomaly and the
number of space dimensions (Eq. (52),(54),(55),(64)). We propose the entanglement entropy
as yet another tool to characterize the intermittency strength. In section 4 we consider the
physical cases of two and three space dimensions and the large d limit. Section 5 is devoted
to a summary and outlook. In the appendix we specify the notations and discuss the GJMS
operator, the Q-curvature and the structure of the higher-dimensional Liouville field theory.
II. SPONTANEOUS SYMMETRY BREAKING
A. Turbulent Flux States
The incompressible NS equations provide a universal description of fluid flows at low
Mach number, that is v ≪ vs where vs is the speed of sound. They read :
∂tv
i + vj∂jv
i = −∂ip+ ν∂jjvi + F i, ∂ivi = 0, i = 1, ..., d , (5)
where d is the number of space dimensions, vi, i = 1..., d is the fluid velocity vector, p is the
fluid pressure, ν is the kinematic viscosity and F i is an external random force.
Multiplying the first equation by vi, summing over i, integrating over the ball Bd(L) and
using the second equation one gets
∂t
∫
Bd
ddx
(
v2
2
)
=
∫
Bd
ddx
(
F ivi
)− ν
2
∫
Bd
ddx
(
∂iv
j + ∂jv
i
)2
. (6)
The change in the kinetic energy of the fluid (6) is dictated by the incoming energy flux due
to the external force and by the energy dissipation due to viscosity. In deriving (6) we need
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to impose the boundary condition
∫
∂Bd
(
p +
v2
2
)
vidΣi = 0 , (7)
where dΣi is the directed surface measure of the spherical boundary ∂Bd = S
d−1. In a steady
state we have the relation :
∫
Bd
ddx
(
F ivi
)
=
ν
2
∫
Bd
ddx
(
∂iv
j + ∂jv
i
)2
. (8)
At very large Reynolds number Re = lcvν , where lc is a characteristic length scale and
v the velocity difference at that scale, the viscosity term is very small compared to the
nonlinear term vj∂jv
i in the NS equation. However the local energy dissipation ǫ(x) =
ν
2
(∂iv
j + ∂jv
i)
2
is nonvanishing even in the limit ν → 0 since the gradients of the velocity
field are singular. This is called the dissipative anomaly [9]. The steady state of turbulence
is far from equilibrium since there is always a flow of energy flux and cascade, hence the
Gibbs measure is inappropriate for quantifying its statistics.
B. Scale Symmetry Breaking
In the absence of a viscosity term, the (inviscid) NS equations (5) exhibit two scale
symmetries. These are independent scalings of space and time which we denote by Rx×Rt,
Rx : x
i → eσ1xi , Rt : t→ eσ2t , (9)
where an appropriate charge is assigned to the random force. We denote the charges of any
object under the two symmetries by (rx, rt). The charges of v
i are (1,−1), and the charges of
the different term in the inviscid NS equations are (1,−2). An alternative way of describing
the two scale symmetries is
xi → eσxi , t→ ezσt , (10)
where z is an arbitrary real parameter, and in relation to (9): σ1 = σ, σ2 = zσ. For any
value of z, one can define a total dimension of an object as
∆z = rx + zrt . (11)
The dimension of vi is ∆z = 1 − z and the dimension of the different terms in the inviscid
NS equations is ∆z = 1− 2z.
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The symmetries (10) can be broken from arbitrary z to a particular value z = z∗. We
will denote this breaking by Rx × Rt → Rz∗ . The flux F ivi at the boundary of the theory
breaks spontaneously the symmetries of the inviscid NS equations to Rz= 2
3
, as follows from
the requirement that ∆z(F
ivi) = 2− 3z = 0. This is the Kolmogorov scaling ∆K41[vi] = 13 .
Thus, we interpret the turbulent flux state satisfying (8) as a state that spontaneously
breaks (10) to z = 2
3
. One can instead consider the local energy dissipation ǫ(x) as the
object whose expectation value breaks spontaneosuly the scale symmetry. Note, that the
Kolmogorov scaling is the critical scaling above which there is no dissipative anomaly [10].
C. The Dilaton Effective Action
When a scale symmetry is spontaneously broken one expects a Nambu-Goldston gapless
mode called the dilaton. We denote the expectation value that breaks Rx × Rt → R 2
3
by
〈F ivi〉 = Λ, where by 〈〉 we mean both integration over space (normalized by the volume of
space) and over the probability distribution function of F with vi = vi(F ). The dilaton τ is
the fluctuation seen by replacing the VEV :
Λ→ Λeδτ , (12)
where δ is a c-number, and it is charged under (9) .
The dilaton effective action has to be invariant under Galilean boosts :
t→ t, xi → xi + vit, ∂i → ∂i, ∂t → ∂t − vi∂i, τ → τ . (13)
This forbids time derivative terms in the Lagrangian and allows only space derivative ones
(see [11] for a similar situation). The dilaton effective action should also respect the sym-
metries (9) with a dilaton invariant under the unbroken scale symmetry Rz= 2
3
[12]. We are
interested in the steady state statistics and equal time correlation functions, hence we can
average over time 1
T
∫ T
0
dt.
We will separate the discussion to two cases: an even number of space dimensions and
an odd one.
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1. Even Number of Space Dimensions
The dilaton effective action on Bd(L) can be written (with arbitrary dimensionless coef-
ficients) as :
Sdilaton = S0 + SEuler + SCF . (14)
S0 reads :
S0 = −
∫
Bd
√
gddx τ
d
2 τ , (15)
and it is the only local action in flat space that respects the symmetries (9) with a dilaton
invariant under the unbroken scale symmetry [12]. It describes a log-correlated free scalar
field that we will propose in the following to associate with the random scalar field in the
random measure (4).
SEuler reads :
SEuler = −
∫
∂Bd
√
gbd
d−1x τqd , (16)
where ∂Bd = S
d−1 is the spherical boundary of the ball, gb is the induced metric on the
boundary and qd is a boundary Euler density term constructed from the boundary intrinsic
and extrinsic curvatures (A.13). The bulk Euler density Ed is zero in (16) since we consider
a ball in Euclidean space. The normalization of qd is fixed in (A.15).
SCF consists of non Weyl invariant terms that can be written on the S
d−1 boundary and
take the general form :
SCF =
∫
∂Bd
√
gbd
d−1x Hµ1µ2...∂µ1τ∂µ2τ... , (17)
where Hµ1µ2... are made of the intrinsic and extrinsic curvatures of the boundary. The terms
in SCF are suppressed by inverse powers of L, and since we work in the inertial range of
scales r ≪ L we will neglect them in the rest of the discussion.
Thus, the dilaton effective action consists of (15) and (16) with arbitrary dimensionless
coefficients κ,Q :
Sdilaton = −κ
∫
Bd
√
gddxτ
d
2 τ +Q
∫
∂Bd
√
gdd
d−1x τqd . (18)
The action (18) defines a higher derivative nonunitary (non reflection positive) scale invariant
field theory. The Euler term in (18) leads to an ”anomalous” non-conservation of the current
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Jµ = 2∂µ
d−2
2 τ . It has an interpretation of a background charge : If we shift τ → τ + σ
where σ is a constant we pick up a charge Q from e−Sdilaton, eQσ where
Q = αdQ , (19)
with
αd = (4π)
d
2 (
d
2
)! , (20)
and we used (A.15) and (A.9).
The background charge imposes a selection rule in correlation functions and affects the
dimension of scaling operators as we will now calculate.
The two-point correlation function of τ reads
〈τ(~x1)τ(~x2)〉 = d
2αdκ
(
log
L
|~x12|
)
+ ... . (21)
~x12 = ~x1−~x2, L is the IR regulator and dots refer to a constant and additional terms in (21)
that vanish when  L → ∞. τ is not a scaling operator and one should consider operators
that transform covariantly under scaling. Consider the correlation function of the operators
eβiτ . The background charge imposes a selection rule :
∑
i
βi +Q = 0 . (22)
The two point function is :
〈expβτ(~x1) exp−(β+Q)τ(~x2)〉 = |~x12|−2∆ , (23)
where
∆ = − d
4αdκ
β(β +Q) , (24)
is the scaling dimension in units of (length)−1.
2. Odd Number of Space Dimensions
The case with odd number of space dimensions is more subtle. There are no local bulk
action terms that respect the symmetries, and there is a fractional derivative in S0 (15)
which makes the Lagrangian nonlocal in space. The Euler term takes the form :
SEuler =
∫
∂Bd
√
gbd
d−1x τEd−1 , (25)
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where Ed−1 is the Euler density of the boundary S
d−1 sphere normalized as in (A.8). There
is an additional local term that can be written on the boundary while neglecting terms
suppressed by inverse powers of L :
SBoundary =
∫
∂Bd
√
gbd
d−1x τ
d−1
2 τ . (26)
Thus, the dilation effective action includes the non-local term (15), the Euler term (25) and
the additional local boundary term (26) with dimensionless couplings :
Sdilaton = −κ
∫
Bd
√
gddx τ
d
2 τ − κ˜
∫
∂Bd
√
gbd
d−1x τ
d−1
2 τ −Q
∫
∂Bd
√
gbd
d−1x τEd−1 . (27)
Matching the solution (21) at the boundary as dictated by the first and second terms in (27)
implies :
κ˜ =
(d− 1)αd
dαd−1
κ . (28)
Formulas (22), (23) and (24) continue to hold with :
Q = 2αd−1Q , (29)
and we used (A.8) and (A.9).
3. Discussion
There are a couple of remarks in order. On the one hand, the fact that the dilaton carries
charge under the time scaling symmetry Rt (9) effectively forbids dilaton exponential terms
eατ in the steady state dilaton effective action. On the other hand we seem to allow operators
of such structure and calculate their two-point function (23), which looks inconsistent. In
fact, when we will construct the operators of the turbulence field theory in the next section
the dilaton exponential terms will not stand by themselves. Rather, they will be used to
dress the K41 field theory operators such that the whole operator should be invariant under
Rt. In general, all the physical quantities that will appear later in calculations will be
required to be invariant under Rt.
Physically, the K41 degrees of freedom and the dilaton are made of the same fluid vari-
ables: the velocity and the pressure. Seperating the discussion to first constructing the
dilaton effective action in this section and then dressing the K41 operators in the next sec-
tion is in some sense artificial and simply reflects our ignorance of the detailed combined
dynamics until steady state is reached.
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In the odd-dimensional case we included a non-local term in the effective action. This
opens up a pandora box since there is an infinite number of non-local terms that respect the
symmetries and could have been included in the action. A proper physical justification for
neglecting them will probably follow from an understanding of the combined K41 fields and
dilaton dynamics. A mathematical explanation for neglecting them can come from a better
understanding of conformally covariant pseudo-differential operators (see appendix A).
III. TURBULENCE FIELD THEORY
We would like to construct a d-dimensional effective field theory for equal time correlation
functions of steady state incompressible fluid turbulence. The number of space dimensions
d can be even or odd. The Kolomgorov linear scaling theory is a mean field theory (K41),
and we will denote its set of degrees of freedom by ϕ. It is non-local and non-Gaussian
field theory. We propose to define the complete theory as a dressing of the K41 theory
by the dilaton τ . The dilaton accounts for the fluctuations around the mean field ϕ that
result in the intermittency. This is reminiscent of two-dimensional quantum gravity [5, 6],
where matter (our K41 fields) is coupled to a Liouville field (our dilaton). Here, however,
both ϕ and τ are made of the same hydrodynamic variables, the velocity vector vi and
the pressure p. Also, unlike two-dimensional quantum gravity, here diffeomorphisms are
not gauge symmetries and therefore there are no gauge fixing ghosts. The turbulence field
theory is nonunitary since conserved quantities leak from the flux states [13].
As to symmetries, the field theory should exhibit d-dimensional translations and rota-
tions and spatial scale invariance Rx (9). We propose that it posseses conformal invariance
(suggested for two dimensions in [13]) 2.
A. KPZ Scaling and Critical Exponents
We define the random metric g¯ij by dressing the background metric gij with a dilaton
factor :
g¯ij = e
2γτgij,
√
g¯ = edγτ
√
g , (30)
2 Note, that nonunitary scale invariant field theories are not necessarily conformal invariant. An example
is the field theory of elasticity [14].
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and require that the operator edγτ is a conformal operator of scaling dimension d. Using
(24) we have
− dγ(dγ +Q)
4αdκ
= 1 . (31)
Thus,
Q = −dγ − 4αdκ
dγ
, (32)
and
γ± =
−Q± (Q2 − 16αdκ)
1
2
2d
. (33)
We construct the operators of the turbulence field theory Oˆ by dressing the K41 field
theory operators O with a dilaton factor :
Oˆ(x) = eβτO(x), β = dγ(1−∆) . (34)
As discussed in the previous section, we require that the Rt charge of the dilaton exponential
in (34) will be cancelled by the that of the K41 operator O making Oˆ(x) Rt invariant.
Consider the dressed operator O(x) (34), and let d∆0 denote the undressed dimension of O.
We require that the scaling dimension of Oˆ(x) is d, thus :
− β(β +Q)
4αdκ
+∆0 = 1 . (35)
Solving (35) we have the KPZ-type relation :
∆−∆0 = d
2γ2
4αdκ
∆(1−∆) . (36)
for the dressed dimension ∆. The quantity :
G2 = d
2γ2
4αdκ
(37)
in (36) is the intermittency parameter G2(d) in (2).
Consider now the partition function of the turbulent field theory as a function of a fixed
random volume V :
Z(V ) =
∫
DϕDτe−Sδ
(∫ √
gedγτddx− V
)
, (38)
where S is the turbulent field theory action that includes the K41 fields and the dilaton.
Using a similar argument to that in [6], we shift τ → τ + σ
dγ
where σ is constant. This leads
to the relation Z(V ) = e−σ(1−
Q
dγ
)
Z(e−σV ), hence at large L
Z(V ) ∼ V −1+ Qdγ , (39)
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where we used (32) and (37). The exponent is reminiscent of the string susceptibility and
it would be interesting to find a way to check this experimentally and numerically.
Consider next the expectation value of the one-point function :
FO(V ) = Z(V )
−1
∫
DϕDτe−Sδ
(∫ √
gedγτddx− V
)∫ √
gedγ(1−∆)τOddx . (40)
Shifting by a constant as before we see that
FO(V ) ∼ V 1−∆ , (41)
where ∆ is the dressed dimension that satisfies the KPZ relation (36).
B. Conformal Anomaly
In the following we will use the requirement of conformal invariance to fix the intermit-
tency parameter in terms of the boundary Euler anomaly coefficients of the K41 and the
dilaton field theories.
1. Even Number of Space Dimensions
Conformally invariant relativistic field theories in even number of dimensions exhibit
conformal anomalies [15]. This can be revealed in flat space correlation functions and via
the one-point function of the trace of the stress-energy tensor in a bulk curved background or
at the boundary. Since our bulk space is flat the one-point function bulk anomaly vanishes
〈T µµ 〉bulk = 0 . (42)
We do have an anomaly localized at the boundary r = L. The boundary is conformally flat
hence the relevant anomaly is the Euler A-type one :
〈T µµ 〉boundary = (−)
d
2aqd , (43)
where a is the boundary anomaly c-number coefficient.
We assume that under a Weyl transformation of the metric gab → e2σgab the K41 field
theory action is invariant :
SK41(e
2σg, ϕσ) = SK41(g, ϕ) , (44)
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where by ϕσ we denote the Weyl transformation of ϕ. SK41 is a formal unknown expression
that is expected to be non-local. There is a quantum anomaly due to the non-invariance of
the measure of the form :
De2σgϕ = e
−aK41Sl(σ)Dgϕ , (45)
where Sl given by (A.10) (see [16–19])
Sl(σ) =
[∫
Bd
√
gddx
d
2
σ
d
2σ − (−1) d2
∫
∂Bd
√
gdd
d−1x σqd
]
, (46)
is the d-dimensional Liouville action, and we neglected the terms that are suppressed by
inverse powers of L. aK41 is the Euler anomaly coefficient of the K41 conformal field theory.
Under a Weyl transformation the dilaton field theory action (18) is not invariant :
Sdilaton(e
2σg, τ − σ) = Sdilaton(g, τ)− Sdilaton(g, σ) , (47)
where to be consistent with the analysis below we used Q = (−) d2 2κ
d
. With this choice,
the dilaton action is (up to the overall coefficient κ) the higher-dimensional Liouville action
(46), and (47) follows from (A.4). There is a quantum anomaly due to the non-invariance
of the measure :
De2σgτ = e
−adilatonSl(σ)Dgτ , (48)
where adilaton is the dilaton Euler anomaly coefficient. We will require conformal invariance
of the turbulence field theory, and hence a cancellation of the conformal anomaly :
(aK41 + adilaton)Sl(σ)− Sdilaton(σ) = 0 . (49)
Denote :
a+ = aK41 + adilaton, a¯+ = αda+ , (50)
with αd in (20). The condition for the cancellation of the conformal anomaly (49) gives :
κ = −d
2
a+, Q = −(−) d2 a¯+ . (51)
Using (33) we get :
γ± =
(−) d2 a¯+ ±
(
a¯2+ + 8da¯+
) 1
2
2d
. (52)
The requirement for real solution in (52) implies that
a¯+ = a¯crtitical ≤ −8d . (53)
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The KPZ-type relation (36) reads :
∆−∆0 = − dγ
2
2a¯+
∆(1−∆) , (54)
for the dressed dimension ∆. The intermittency parameter (37) is expressed in (54) as a
function of the number of space dimensions d and the sum of the Euler anomaly coefficients
of the K41 and dilaton field theories a+ :
G2 = − dγ
2
2a¯+
. (55)
The condition (53) implies that G2 ≥ 0. We also have the relation :
γ+γ− = −2a¯+
d
, (56)
or alternatively,
G−G+ = 1 . (57)
For a fixed number of space dimensions and a given a+ there are two branches in (52). When
d
2
is even: (+) 1 ≤ G2+, where G2+(a¯critical) = 1 and G2+(a¯+ →∞) =∞; (-) 0 ≤ G2− ≤ 1, where
G2−(a¯critical) = 1 and G2−(a¯+ →∞) = 0, while when d2 is odd they are exchanged : G2+ ↔ G2−
2. Odd Number of Space Dimensions
In odd dimensions there is no bulk conformal anomaly but there is a boundary one [20]. In
our case the boundary is the (d−1)-sphere and relevant conformal anomaly is the boundary
Euler anomaly :
〈T µµ 〉boundary = (−)
d+1
2 aEd−1 , (58)
where a is the boundary anomaly coefficient. As in the even number of space dimensions
case, we assume that under a Weyl transformation of the metric the K41 field theory action
is invariant. There is a quantum boundary conformal anomaly due to the non-invariance of
the measure of the form
De2σgϕ = e
−aK41Sl,boundary(σ)Dgϕ , (59)
where Sl is given by the boundary Liouville action (A.10) (see e.g. [21]) is :
Sl,boundary =
∫
Sd−1
√
gbd
d−1x
(
d− 1
2
σ
d−1
2 σ + (−) d−12 σEd−1
)
, (60)
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and we neglected the terms that are suppressed by inverse powers of L. aK41 is the Euler
boundary anomaly coefficient of the K41 conformal field theory.
Under a Weyl transformation the dilaton field theory action is not invariant and one gets
that its local part satisfies (47). There is also a quantum conformal boundary anomaly due
to the non-invariance of the measure
De2σgτ = e
−adilatonSl,boundary(σ)Dgτ , (61)
where adilaton is the dilaton Euler boundary anomaly. We will require conformal invariance
of the turbulence field theory on Bd, and hence a cancellation of the conformal anomaly
(49). Using (27) (28) (29) and (60) we get
κ˜ = −d− 1
2
a+, κ = −d
2
a¯+
αd
, Q = (−) d+12 2a¯+ , (62)
where
a¯+ = αd−1a+ . (63)
Repeating the same steps as in the even-dimensional case we have :
γ± =
(−) d−12 a¯+ ±
(
a¯2+ + 2da¯+
) 1
2
d
. (64)
The requirement for real solution in (64) implies that
a¯+ = a¯crtitical ≤ −2d . (65)
The KPZ-type equation (56) and (57) continue to hold with the definition (63). The analysis
of the (±) branches is similar except that one replaces the d
2
odd and even cases by d+1
2
odd
and even cases, respectively.
The cancellation (49) is of the local terms and one remains with non-local terms that
violate conformal invariance. As discussed in the appendix, it is plausible that there is an
analog of the action (A.3) for the bulk fractional derivative operator, which can be used
to cancel the non-local terms. Another possibility is that these non-local violating terms
should be cancelled by the K41 field theory. Clearly this issue needs further study.
3. Summary
We proposed to associate with (δv(r))n in (1) a CFT operator Oˆ = e−dγ(1−∆)τOK41
(30), where the K41 field theory operator OK41 is dressed by the dilaton factor. The map
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between the fluid variables and the CFT variables is such that ∆(OK41) = d∆0 =
dn
3
and
∆ = ξn is the anomalous scaling (1). More generally, we can consider not just the anomalous
dimensions but also correlation functions 〈Oˆ1(r1)...OˆN(rN)〉 that may be checked numerically
or experimentally. Note, that the boundary anomaly coefficient a+ depends on the boundary
condition of ϕ and τ on ∂Bd. This should probably be related to (7) and the forcing.
As noted, for a fixed number of space dimensions and a given a+ there are two branches
in (52) and (64). One may argue, that the ”semi-classical” limit of large |a+| corresponds
to weak intermittency, and indicates the choice of the branch. This is compatible with the
experimental and numerical data in three and four space dimensions where the intermit-
tency parameter G2 is smaller than one [1]. However, it is not clear that the intermittency
parameter cannot exceed one in general, which requires the other choice of branch.
C. The Conformal Anomaly Coefficients
The Euler conformal anomaly coefficient of the dilaton or K41 CFT can be obtained from
its partition function ZBd on the ball Bd(L) :
a ∼ ∂
∂ logL
logZBd(L) = −
∫ √
gddx 〈T µµ 〉 . (66)
This calculation can be done for the dilaton field theory but not yet for the K41 CFT.
1. The Dilaton Theory
Consider an even number of space dimensions. The are two terms in the dilaton partition
function that contribute to the anomaly coefficient : One contribution is from S0 (15) and
the second from the background charge term (16) 3. Denote this by adilaton = a0 + acharge.
S0 (15) can be coupled to gravity in a Weyl invariant way using the Weyl covariant
GJMS operators [22]. On a constant curvature even-dimensional conformally flat manifold
of dimension d the higher derivative GJMS operator factorizes as a product of Laplacians
with masses. The conformal anomaly coefficient can be calculated and one gets in our
notation [23] :
a0 = − 1
d!αd
∫ d
2
0
dt
d
2
−1∏
i=0
(
i2 − t2) . (67)
3 I thank T. Levy for a discussion on this point.
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a0 is positive when
d
2
is odd and negative when it is even. Note, that if we integrate from
zero to one in (67) we will get the anomaly coefficient of a free scalar in d dimensions.
The contribution of the background charge to the partition function gives:
logZ = −1
2
a¯+ logL , (68)
where we used (21), (51) and (A.15). The background charge contribution to the dilaton
anomaly coefficient is :
acharge = −(−)
d
2
2
a+ . (69)
As we will see, the value of a0 is negligible compared to the value needed for a+ when we
match to the turbulence data, hence adilaton ≃ acharge. We are interested in the boundary
anomaly and its precise value depends on the boundary conditions that will be imposed.
However, this will not change significantly neither the values nor their large d behaviour.
The same calculation can be done for an odd-dimensional bulk with an even-dimensional
boundary where acharge =
(−)
d+1
2
2
a+ and the same conclusion holds.
2. K41 Effective Field Theory
The Kolomgorov linear scaling theory is a non-local theory, perhaps of vortices. It assumes
that the mean viscous energy dissipation rate ǫ is constant in the limit of infinite Reynolds
number, from which a linear scaling of the exponents follows. In K41 theory the random
velocity field is self-similar which misses the intermittency of the turbulent flows. Although
we know the spectrum of scaling dimensions, we need more information in order to construct
the field theory and calculate the anomaly coefficient aK41.
Let us first estimate the number of degrees of freedom of the K41 mean field theory
following Landau’s argument. We assume that K41 is a theory of vortices of size k−dν , where
kν ∼
(
ǫ
ν3
) 1
4 is the viscous scale. The vortices fill a domain of size L, thus the number of
degrees of freedom N ∼ (Lkν)d ∼ R
3d
4
e , where Re is the Reynolds number Re ∼ L
4
3 ǫ
1
3
ν
.
We can try to estimate the anomaly coefficient aK41 by multiplying the number of degrees
of freedom by the anomaly coefficient avortex of a free conformally invariant vortex field
theory, e.g. a CFT of a two-form field in d dimensions [24]. The calculation of avortex can
be done using the standard ζ-function method and it is on general grounds an exponentially
decreasing function of the number of space dimensions. By the Landau estimate N is an
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exponentially increasing function of the number of space dimensions. It is hard at this point
to draw a definite conclusion about the large d behaviour of |a¯K41| although the bounds (53)
and (65) imply that it should grow at least linearly with d.
D. Entanglement Entropy
Taking a space derivative of the NS equation (5) and using the incompressibility condition
one gets a relation between the fluid velocity and pressure
∇2p = −∂ivj∂jvi , (70)
that is the pressure is non-locally related to the velocity.
The strength of intermittency is determined by a competition between the small scale
cascade and the non-local pressure effect that couples different regions in space and tends
to calm it [25]. The choice of the branch in (52) and (64) that is compatible with the data
in three and for space dimensions suggests that in a fixed number of space dimensions the
strength of the intermittency decreases with the increase of the Euler conformal anomaly
coefficient |a+| of the effective conformal field theory of turbulence (54).
Entanglement entropy of quantum fields is a valuable tool to quantify the entanglement
between degrees of freedom at different spatial regions. If we divide the space to two parts
A and B and construct the reduced density matrix ρA = TrBρ, the entanglement entropy is
the von-Neumann entropy of ρA. The universal part of the entanglement entropy of a CFT
is proportional to the conformal anomaly coefficient. For us :
SA ∼ |a+| log L
l
, (71)
where L is the scale size of A and l is the UV cutoff, which is the viscosity scale. For large
|a+| the entanglement entropy is large indicating a strong correlation between the different
spatial region and hence weak intermittency. For small |a+| the entanglement entropy is
small indicating a weak correlation between the different spatial regions and hence strong
intermittency. This is compatible with the predictions of the KPZ-like formula for the
anomalous scaling (54) if we work in the branch 0 ≤ G2 ≤ 1, which is the branch appropriate
for the data in three and four dimensions.
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Information theory is a valuable framework for the analysis of quantum field theory
properties. The above quantitative analysis suggests that perhaps such tools could prove
useful also if applied to the statistical theory of incompressible fluid turbulence.
IV. TWO, THREE AND LARGE NUMBER OF DIMENSIONS
A. Two-dimensional Turbulence
In two-dimensional incompressible fluid turbulence the energy casacde is an inverse cas-
cade, that is the energy flux flows to large length scales, and the numerical and experimental
data are compatible with Kolmogorov linear scaling. Hence we expect that G(d = 2) ∼ 0.
In [26] the isovorticity lines of two-dimensional inverse cascade turbulence have been studied
numerically and have been identified as SLEκ curves with κ = 6 (for an SLE review see e.g.
[27]). This result suggests that there is an underlying two-dimensional conformal structure
in inverse cascade turbulence theory. The central charge of this theory can be read from κ
via
c =
(8− 3κ)(κ− 6)
2κ
, (72)
and using κ = 6 we get c = 0. The two-dimensional relativistic Euler conformal anomaly
coefficient a is the central charge c of the theory.
This can be compatible with our analysis if there is no NG dilaton in the two-dimensional
inverse cascade where the IR scale is the viscous scale, and is perhaps analogous to non-
existence of NG bosons in two-dimensional relativistic field theories. We associate with the
two-dimensional turbulent field theory adilaton = aK41 = 0 and consistently Eq. (51) implies
that the dilaton effective action vanishes. There is no dressing of the K41 operators, the
bound (53) is not satisfied and we should not use the the KPZ relation (54). The intermit-
tency parameter vanishes and we have the Kolmogorov linear scaling. This is reminiscent of
two-dimensional quantum gravity [5, 6] in the case where the central charge of the matter
cmatter = −cghost = 26 and the matter CFT decouples from gravity.
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B. Three-dimensional Turbulence
The value of the conformal anomaly coefficient that is needed in order to explain the
experimental and numerical data of three-dimensional turbulence is a¯+ ∼ −12.6 and a+ ∼
−1 since G2 ∼ 0.16 [1], and we need to choose the (−) branch. The main contribution to
the dilaton anomaly comes from the background charge (69) : adilaton ≃ aK41 ≃ a+2 . It is
curious that we need such a large anomaly coefficient a+ to account for the turbulence data:
|a+| ∼ 103ascalar, where ascalar is the boundary Euler anomaly coefficient of a free scalar in
three dimensions [21]. Although we cannot perform a precise calculation at this point, the
estimate of aK41 in a previous subsection can account for such a large number.
C. Large d Turbulence
The analysis at large d depends on the asymptotics of a+. The numerical data in four
space dimensions is compatible with a¯+ ∼ −47 and a+ ∼ −0.15 since G2− ∼ 0.278 [1]. As
above, |a+| ∼ 103ascalar where now ascalar is the Euler anomaly coefficient of a free scalar in
four dimensions. We have an indication that a¯+ increases while a+ decreases as we increase
d, which is also the behaviour of the critical values a¯critical and acritical. The large d behaviour
of the anomalous exponents depends on the detailed limit of a¯+. If it approaches a¯critical we
will have in the limit G2− = G2+ = 1 and ξn ∼
√
n. However, it can increase to infinity faster
than a¯critical and depending on the branch we can get the suggestion of [28] that ξn → 1 at
large d, or ξn ∼ n.
V. DISCUSSION AND OUTLOOK
We proposed an effective CFT description of steady state incompressible fluid turbulence
at the inertial range of scales, which consists of a K41 mean field CFT coupled to a NG
dilaton. The dilaton arises from a spontaneous breaking, due to the energy flux, of the sep-
arate scale and time symmetries of the inviscid Navier-Stokes equations to the K41 scaling.
We proposed that it acts as a random measure that dresses the K41 theory and introduces
intermittency. Using this framework we derived a KPZ-type equation for the anomalous
scaling (54), and related the intermittency parameter to the boundary Euler A-type con-
formal anomaly coefficient in (52), (55) and (64). We noted that field theory entanglement
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entropy can be used to characterize the intermittency strength. Finally, we considered the
physical cases of two and three space dimensions and the large d limit.
There are many open questions that are worth pursuing. The most important one is the
construction of the K41 effective field theory and the calculation of the conformal anomaly
coefficient and the intermittency parameter. In particular, an understanding of the phys-
ical two-dimensional and three-dimensional cases and the non-local structure of the odd-
dimensional cases in general is required. A careful analysis of the boundary conditions is
also needed since the value of the anomaly coefficient depends on that. Developing the OPE
and bootstrap approach to the flux states can lead to a significant breakthrough in under-
standing the turbulence field theory (see [29]). Studying the consistency conditions on the
KPZ scaling that follow from the NS equation as suggested in [30] is a valuable direction
to follow. There is a mixture in the constraint equations that involve the longitudinal as
well as the transversal structure functions [31], which in order to solve requires a proposal
for the form of the transverse structure functions. The KPZ scaling (54) predicts that at
large n and finite d the anomalous scalings ξn ∼
√
n. It would be of much importance to
understand what type of fluid field configurations can lead to such a scaling.
There is a puzzle that needs to be addressed. If we try to use KPZ formula for the local
energy dissipation ǫ(x), whose undressed K41 dimensions ∆0[ǫ(x)] = 0, we get ∆[ǫ(x)] =
1 − 1
G2
. But in order to match to experimental data in three space dimensions ∆ ∼ −0.1,
this means G2 ∼ 1. The data for the structure functions Sn suggest G2 ∼ 0.16 [1]. It is
possible that one cannot apply the KPZ-type formula to ǫ(x), but understanding why this is
the case, and in general for which operators the KPZ formula can be applied is important.
In one space dimension one describes (compressible) fluid flows by the Burgers equation.
The steady state statistics is characterized by the anomalous scaling exponents ξn = 1. It
would be interesting to see whether a one-dimensional CFT on a line interval provides a field
theory description of Burgers turbulence that requires an infinite intermittency parameter.
Another interesting direction to follow is the anomalous scalings of relativistic turbulence
[32, 33] and the construction of an effective field theory framework to calculate them.
The AdS/CFT correspondence is a powerful framework to analyze strongly coupled CFTs
[34] and perhaps can be used to study our proposal for an effective field theory of turbulence.
Finally, the field theory structure that has been discussed in this work is worth studying
irrespective of whether it provides the correct description of incompressible fluid turbulence.
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In particular, the higher-dimensional generalization of the Liouville action (A.3) and (A.18)
is both an interesting CFT and may be an important ingredient in studying a summation
over manifolds as part of a study of higher-dimensional random geometry and gravity [38].
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Appendix: Notations and Higher-Dimensional Liouville Field Theory
Let M be an even-dimensional manifold of dimension d and metric gab. Under a Weyl
transformation of the metric gab → e2σgab the conformally covariant GJMS operator P ≡
P d
2
= 
d
2 + lower order [22] transforms as :
Pe2σg = e−dσPg , (A.1)
and the Q-curvature [35], Q = − 1
2(d−1)

d
2
−1R + ... as :
Qe2σg = e−dσ (Qg + Pgσ) . (A.2)
Define the higher-dimensional Liouville action by :
S(g, τ) =
∫
M
√
gddx (τPτ + 2τQg) . (A.3)
Under the Weyl transformation gab → e2σgab, τ → τ − σ we have :
S(e2σg, τ − σ) = S(g, τ)− S(g, σ) . (A.4)
We can relate the Q-curvature and the Euler density Ed on a constant curvature confor-
mally flat manifold M . Using :
∫
M
Qg = (−1)
d
2
d
(4π)
d
2 (
d
2
)!χ(M) , (A.5)
and ∫
M
Ed = (4π)
d
2 (
d
2
)!χ(M) , (A.6)
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where χ(M) is the Euler characteristic of M and Ed is the Euler density, we obtain on a
constant curvature conformally flat manifold the relation :
Ed = (−1) d2dQg . (A.7)
Since χ(Sd) = 2 we get from (A.6) ∫
Sd
Ed = Ωdd! , (A.8)
where
Ωd =
2(π)d+1
2
Γ[d+1
2
]
=
2(4π)
d
2 (d
2
)!
d!
, (A.9)
is the surface volume of the d-sphere.
Using (A.3) and (A.7) we define :
SLiouville(g, τ) =
∫
M
√
gddx
(
d
2
τ
d
2 τ + (−1) d2 τEd
)
, (A.10)
Using (A.4) we have under Weyl transformation to order O(σ2) :
δσSLiouville(g, τ) =
∫
M
√
gddxσT µµ =
∫
M
√
gddxσ
(
−(−1) d2Ed
)
. (A.11)
Hence, the anomaly action aSLiouville where a is the anomaly coefficient gives :
〈T µµ 〉 = −(−1)
d
2aEd . (A.12)
Note that in d > 2 there are addition terms in the WZ anomaly action compared to (A.10),
which in our work were surpressed since we worked in the inertial range of scales r ≪ L,
where L is the size of the ball and the boundary sphere. (A.12) follows from solving the
Wess-Zumino consistency conditions and is independent of whether the CFT is unitary.
The Euler characteristic of an even-dimensional manifold of dimension d with a boundary
reads :
χ(M) =
2
Ωdd!
(∫
M
Ed −
∫
∂M
qd
)
, (A.13)
where ∂M is the boundary of M and qd is a boundary Euler class term constructed from
the boundary intrinsic and extrinsic curvatures. When M = Bd is the d-dimensional ball
in Euclidean space, whose boundary is the d-sphere ∂M = Sd−1, the bulk Euler term Ed is
zero in (A.13). The ball Bd is contractible, hence its Euler characteristic is that of the point
χ(Bd) = 1,
χ(Sd−1) =
(
1 + (−1)d−1)χ(Bd) , (A.14)
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which fixes the normalization of qd as :
−
∫
∂Bd
qd =
1
2
Ωdd! = αd . (A.15)
The Liouville action (A.10) and its conformal transformation (A.11) in the presence of the
boundary are defined in the same way.
In general, one can also define a boundary Pb ≡ P d−1
2
that transforms as [36] :
Pbe2σg = e−(d−1)σPbg , (A.16)
and a boundary Q-curvature such that :
Qbe2σg = e−(d−1)σ
(Qbg + Pbg) . (A.17)
When M is an odd-dimensional manifold of dimension d one can define a pseudo-
differential conformally covariant GJMS operator P d
2
= 
d
2 + lower order, which transforms
under Weyl transformation as in (A.1) (see e.g. [37]). It is plausible that one can define the
analog of the Q-curvature and the action (A.3) in this case. We are not aware, however, of
such a construction.
Finally, note that we can add a ”cosmological constant” term to the Liouville action (A.3)
of the form :
Scosmo(g, τ) =
∫
M
√
gddx edτ , (A.18)
which we did not use in this work, but will be valuable in the study of the higher-dimensional
Liouville theory.
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